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LP REGULARITY OF HOMOGENEOUS ELLIPTIC 
DIFFERENTIAL OPERATORS WITH CONSTANT 
COEFFICIENTS ON 


PATRICK J. RABIER 


Abstract. Let A be a homogeneous elliptic differential operator of order m 
on with constant complex coefficients. A special case of the main result 
is as follows: Suppose that u C and that Au € for some 1 < p < oo. 
Then, all the partial derivatives of order m oi u are in if and only if \u\ 
grows slower than |x|^ at infinity, provided that growth is measured in an 
L^-averaged sense over balls with increasing radii. The necessity provides an 
alternative answer to the pointwise growth question investigated with mixed 
success in the literature. Only very few special cases of the sufficiency are 
already known, even when A = A. 

The full result gives a similar necessary and sufficient growth condition for 
the derivatives of u of any order /c > 0 to be in when Au satisfies a suitable 
(necessary) condition. This is generalized to exterior domains, which some¬ 
times introduces mandatory restrictions on N and p, and to Douglis-Nirenberg 
elliptic systems whose entries are homogeneous operators with constant coef¬ 
ficients but possibly different orders, as the Stokes system. 


1. Introduction 

It is understood that is the domain of all function spaces. The vast PDE 
literature offers only surprisingly few answers to the basic question: u G T>' 

(distributions) and Au C for some 1 < p < oo, what extra condition should be 
required of u to ensure that all the second order derivatives of u are in 

The same question with A replaced with, say, A — 1, is answered by the classical 

regularity theory of elliptic PDEs. In this case, a necessary and sufficient extra 
condition is simply u G S' (tempered distributions) since Au — uGU' ensures that 
u C (classical Sobolev space). Of course, this is trivially false for the Laplace 
operator when N > 1. 

The known sufficient conditions, such as u € (for then Au — u G L^) or the 
weaker (1 + \x\^)~^u G (an implicit by-product of a result of Nirenberg and 
Walker in weighted spaces m Theorem 3.1]) or Vu £ for some 1 < g < oo 

(Galdi [ini Remark V.5.3, p. 349], by duality and bootstrapping), do not point to 
any recognizable common feature, especially since the proof of their sufficiency is 
each time completely different. 

In this paper, we show, among other things, that if A is any homogeneous elliptic 
operator of order m with constant complex coefficients and Au £ LP, all the partial 
derivatives of order m of u are in LP if and only if u satisfies a very simple necessary 
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and sufficient side condition. We shall actually prove significantly more general 
results in the same spirit. Here and everywhere in the paper, “homogeneous” is 
synonymous with “pure order”, that is, H is of the form 

( 1 . 1 ) Au = i'^ aad°^u, 

\a\i—m 

where m £ N (to avoid trivialities, we rule out m = 0) and Ua G C and where 
laji := ai + • • • + a^- Recall that the ellipticity assumption means 

(1.2) A{^) ■= ^ 0 for every ^ £ K^\{0}. 

\a\i—m 

If fc £ No := N U {0} and 1 < p < oo, we define the homogeneous Sobolev 
space (also known as Beppo Levi space, after Deny and Lions |llj : various other 
notations, e.g., , etc., are used in the literature) 

(1.3) ■- {u&V £ LP, |a|i = k} = {u & £ LP, |a|i = k}, 

where the second equality follows from the well-known fact that a distribution with 
first-order partial derivatives in is itself in (Schwartz [331 Theorem XV, 

p. 181]). 

When 1 < p < oo, the necessary and sufficient condition for Au £ LP to imply 
u £ D™‘'P given in this paper is just a growth limitation on |m| at infinity, but the 
correct concept of growth is not a pointwise one. This is made precise through the 
introduction of spaces and subspaces Mq’^ for s £ K and 1 < 9 < oo (Section 
12). In essence, u £ M®’'^ if and only if |u| does not grow faster (grows slower) 

than I a: I® after both are L'^-averaged over balls with increasing radii. 

On the other hand, since growth slower than = 1 must be viewed as decay, 
the functions of Mq’"^ with s < 0, all contained in Mq’^, tend to 0 at infinity in 
an L'^-average sense. These functions are related to, but have more structure than, 
the “functions vanishing at infinity” of Lieb and Loss [33]. 

The simplest special case of the main result reads: 

Theorem 1.1. If A in {OP is elliptic and u € V', then u £ D'^’P for some 
1 < p < 00 if and only if Au £ LP and u £ M™’ . In other words, 

(1.4) D'^’P = {u& : Au £ L^}. 

It is rather remarkable that u £ D'^’P -a matter of integrability of at infinity 
since Au £ LP- depends only upon the growth of u itself and, in addition, that this 
growth can be evaluated in a p-independent sense. Although the spaces M®’"? 
with q > I are not involved in this criterion, they are still important for various 
technical reasons and in the applications. 

In particular, the characterization yields an estimate of the growth at infin¬ 
ity of the functions of the space D^’P. Their pointwise growth was investigated by 
Mizuta [33] and, earlier, by Fefferman Portnov [33], Uspenskii [iS], etc. When 
mp > N, Mizuta’s estimates are uniform, but when mp < N (so that functions of 
]jm,p ^jg continuous), they are only valid outside some set thinning out 

at infinity, which makes them much harder to use in practice. Uniform pointwise 
estimates when m = 1 can also be found in Galdi’s book [15] , but only for functions 
of D^’P n for some q > N. They coincide with Mizuta’s when p = q > V. It has 
not been proved, or even suggested, that such pointwise estimates, plus Au £ LP, 
imply u £ D'^'P. In other words, there is no prior variant of Theorem ll.il 
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With a suitable (standard) definition of D^’P when fc < 0, we actually prove that, 
more generally, u G for some integer k > —m if and only if Au G D'^'P and 

u G iTheorem 14.41) . This does not follow inductively from Theorem 11.11 

When k < 0, not only the distributions of D^’P are generally not functions, but 
there is no limitation, pointwise or averaged, to the growth at infinity of the func¬ 
tions of D^’P (Remark 14.21) . For that reason, there is no predictable generalization 
of Theorem 11.11 when k < —m. Also, Theorem o breaks down when A is not 
homogeneous. Its validity when A is homogeneous with variable coefficients is a 
delicate issue that we shall not address here. It may be false even for uniformly 
elliptic operators with smooth, bounded and Lipschitz continuous coefficients. 

The characterization (d calls for a closer look at the functions that can be 
found in For the sake of argument, assume m = 2. It can be shown that 

u G in a variety of special cases, including: 

(i) u G or Vu G (Lorentz spaces, q>I,cr<cx)org = cr = I; see 

Example 12.II and Theorem 13.211 . 

(ii) It e or Vu G where is any Orlicz space; see Example 12.21 and 

Theorem 13.21 

(hi) u G or Vu G (L'*)^ (mixed norm spaces, q = {qi,...,qN) with 1 < 
qi,---,qN < oo; see Example 12.31 and Theorem 13.211 . 

(iv) u G and lim|,j,|_).oo |ai|“'*|V^u(ai)| = 0 with 0 < fc < 2 and s < 2 — k 

(see Theorem 12.31 (ii) and Theorem I3.2|l . 

(v) (I -I- G with l<g<cx), 0</c<2 and s < 2 — k (see 

Theorem 12.31 Remark |2.II and Theorem 13.2|) . 

Thus, any of the conditions (i) to (v) together with Au G LP^ or more generally 
Au G LP where A is homogeneous second order elliptic with constant coefficients, 
implies u G D^’P. Note that if the coefficients are not real, A is not reducible to A 
by a linear change of variables. The known cases mentioned earlier when A = A 
are covered by one or more of these conditions. Evidently, u G LP fits within (i), 
(ii), (hi) and (v), whereas (I -|- |xp)“^u G LP is (v) with s = 2 — N/p,k — 0 and 
q = p. On the other hand, Vu G with 1 < q < oo is also accounted for by 

(i), (ii), (hi) and (v). Any of these conditions shows that the values q = 1 and 
q = oo can be included, even though the argument used in [15] breaks down. In 
fact, by (v) with fc = 1, it suffices that (1 -|- |x|)“*|Vm| G L'^ with t < 1 -|- N/q and 

1 < <7 < CX3. 

By (v) with k = 2 and Theorem ll.il (1 -1- |x|)“‘|V^u| G with 1 < q < oo and 
t < N/q and Au G LP with 1 < p < oo imply u G D^’P. In particular, if u G 
for some 1 < g < oo and Au G LP, then u G D^’P (let t = 0; if g = oo, quadratic 
harmonic polynomials are counter examples). Also, if (1 -I- |x|)“*|V^m| G LP with 
t < N/p (weaker than u G D^’P if t > 0) and Au G Lp, then u G D^'P. 

We now come to the organization of the paper. Section[2]is devoted to the dehni- 
tion and basic properties of the spaces With occasional minor modihcations, 
the growth limitations embodied in these spaces have already been used exten¬ 
sively when g = oo or g = 2 and, in some instances, when g = 1, in connection with 
Liouville-type theorems m. m, m, m, lasi) but not in regularity issues. There 
seems to have been no prior incentive to incorporate these growth limitations into 
a family of function spaces and the other values of g have apparently been ignored. 

The most important feature of the spaces is that “integration”, i.e., passing 
from Vu to u, takes (M®’'^)^ into M®+^’'^ when s > —1. This is shown in Section[3| 
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fTheorem 13.2p . where we also obtain the embedding of into for suitable 
s as a straightforward by-product (Theorem [TS]). 

This embedding is one of the main ingredients for the proof of Theorem 14.41 
(the general form of Theorem [O]) , given in Section |4l This proof also depends on 
properties of homogeneous elliptic operators acting on homogeneous Sobolev spaces 
(Theorem |T3]). In addition to new regularity results which, in particular, do 

not require strong ellipticity ICorollarv 14.511 . four examples show how Theorem 14.41 
and the various properties of the spaces M®’'^ can be used in practice. 

In Section [5l we generalize Theorem 14.41 to exterior domains (Theorem 15.31) . 
When homogeneous Sobolev spaces of negative order are involved, this is not a 
routine variant because passing to an exterior domain introduces necessary restric¬ 
tions on N and p, not needed in the whole space. 

We also take advantage of the exterior domain setting to show how the Kelvin 
transform method yields solutions of boundary value problems in (Theorem 

[^. Thus, as noted earlier, these solutions vanish at infinity in a generalized 
sense. The physical relevance of solutions vanishing at infinity has been discussed 
at length in the literature, notably in Dautray and Lions [10]. For obvious reasons, 
Mq -larger than any LP space with p < oo- has not previously been part of this 
discussion. 

In Section [HI Theorem l4.4l is extended to Douglis-Nirenberg elliptic systems with 
constant coefficients when the entries are homogeneous operators with possibly 
different orders fTheorem 16.21) . as is the case with the Stokes system. A variant of 
a trick used long ago by Malgrange [30] for other purposes allows for a convenient 
reduction to the scalar case. 

Notation. The general notation is standard. Everywhere, is the euclidean 
open ball with center 0 and radius i? > 0 in and, depending on context, | • | 
is either the euclidean norm or the Lebesgue measure. On the other hand, | • |i 
is the norm (used only with multi-indices). The notation || • abbreviated 

II • lip when E = , is used for the norm of LP{E). Also, p' denotes the Holder 

conjugate of p e [Ij oo]- 

Differentiation is always understood in the weak (distribution) sense and is 
the symmetric tensor of partial derivatives of order fc G N of the distribution u. Of 
course, Vu is used instead of V^m. As is customary, S and S' refer to the Schwartz 
space and its topological dual (tempered distributions), respectively. Fourier trans¬ 
form on those spaces is denoted by E, with inverse . We shall also use the 
convenient “hat” notation u := Eu. 

If d G No, we let Vd denote the space of polynomials on of degree at most d 
with complex coefficients and [itjd is the equivalence class of the function u modulo 
Vd- It will be convenient to set Vd '■= {0} if d < 0 and V := UdVd- Lastly, if X and 
Y are topological spaces, X ^ Y means that X is continuously embedded into Y. 

In inequalities, C > 0 denotes a constant independent of the functions involved, 
whose value may change from place to place. 


2. The spaces Af®’^ 

Unless stated otherwise, s G M and 1 < q < oo. We define 

M®’"^ := {mG : sup i?“®|H/j|“^/'J||u||,,Bj^ < oo} 
R>1 


( 2 . 1 ) 


and 

( 2 . 2 ) 
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:= {u e LL : 1™ R-^\Bn\-^/'^\\u\\,,Bn = 0}, 

R—¥oo 

where := 1 if q = oo. Obviously, may -and often will- be sub¬ 
stituted for in m and ( 1 ^ . To reconcile these definitions with the 

comments in the Introduction, observe that R^+^/'i is proportional to || 
when s > —N/q. 

The possible resemblance with Morrey spaces, maximal functions, etc., is formal 
at best. In (EU, the center 0 of the balls is fixed and the supremum is not 
taken over all radii i? > 0. However, there is no difficulty in showing that as long as 
i?o > 0 and Xg G are fixed, the definition of is unchanged if the condition 
i? > 1 is replaced with R> Rq and if all the balls are centered at xq. 

Notice that M®’"? = {0} if s < —N/q and Mg’^ = {0} if s < —N/q. Accordingly, 
all the results quoted without limitation about s are trivial in these cases. It is 
equally obvious that and that M®i'« C M®^’? and Mg^’’ C Mo"’'^if 

Si < S 2 , whereas M®i’'^ C Mg^’'^ if si < S 2 . Also, by Holder’s inequality, M®’'?^ C 
M®’9i and Mg’® C Mg’'^^ if qi < qa- 

To summarize, given q, the nontrivial spaces M®’"? start with L‘^ when s = —N/q 
and get larger as s is increased. On the other hand, given s, they get smaller 
as q is increased. The practical value of this double linear ordering cannot be 
overemphasized. The spaces Mq‘^ have similar properties, except that, given q, 
there is no smallest nontrivial space . 

Many classical function spaces are subspaces of some M®’'^ space. Examples 
follow. 

Example 2.1. The Lorentz space 1 < q < oo, I < a < oo, is contained in 
if s > —N/q. Since C it suffices to prove that C 

The norm of u G is ||M||(g,oo) := sup^^g /g M*(T)dr < oo, 

where u* is the decreasing rearrangement of u. On the other hand, if E is a measur¬ 
able subset of finite measure, then |A|“^ |u| < \E\~^ J’g'^' u*(T)dT f |17l Theorem 

7.3.1, p. 82], [m Lemma 3.17, p. 201]). Thus, \E\-^ Jj^\u\ < \E\-^/‘!\\u\\(^g^o^y 
By using this with E = Bn, it follows that u G and that the embedding 

7 ^ 9 .o- ^ j^-N/q,i continuous. On the other hand, (f. if a > 1 is not a 
subspace of any M®’'^. 

Example 2.2. Let be the Orlicz space corresponding to the Young function d> 
r[S]: [3H]/ Given 1 < q < oo, assume that < <I>(At) if t > tg for some A > 0 
and tg > 0 (\ and tg always exist if q = 1; just choose tg > 0, pick A large enough 
that $(Ato) > tg and use the convexity of ^). If v is Lebesgue measurable, then 
Ibr I v\‘^ < tgjHi^j -I- $(Ajuj) for every R > 0. In particular, if u G L$\{0}, 
the choice v := u/Aj|uj|<i> (Luxemburg norm) yields \Bb.\~^ \u\‘^ < A'^j|iij||,(tg -I- 

This shows that (i) C C Mg’'^ for every s > 0 (true for every 

d) if q = 1), (a) C = IjI if Iq = Q and (Hi) C Mg’'^ if ^tg can be 

chosen arbitrarily small. In particular: (iv) L^ C Mg’^ if and only if 1 ^ The 
necessity is obvious. Conversely, if I then <I> > 0 on (0,oo), so that $ has a 

continuous inverse <I>“^ defined on some interval [0, b) with 0 < b < oo. For tg < b, 
let A := Then, t < $(At) if t > tg by the monotonicity of ^{\t)/t and 

^{Xtg)/tg = 1. Since Xtg = —>■ 0 as to —>■ 0, the result follows from (Hi). 


6 


PATRICK J. RABIER 


In Example 12.21 C for every Orlicz space Lg, can be quickly seen from 

Lg> CL^ + L°° and C C 

Example 2.3. // q := (gi,gjv) with 1 < qi,...,qN < oo, the space L’^ (see [SJj 
is contained in M®’'* with s := — 9 ■= minjqi,..., (/a}- follows 

from the remark that the definition of is unchanged if balls are replaced with 
cubes. 

It is readily checked that 
(2.3) IIwIIm-.o := 

R>1 

is a well defined norm on The proofs of the first two theorems are routine 

and left to the reader (parts (ii) and (iv) of Theorem 12.II were noticed earlier). 

Theorem 2.1. (i) M®”'? is a Banach space for the norm i2.3\) . 

(ii) M®i’« -A M®"’? if Si < S 2 and M®’®^ ^ M®’«i, M®’® -A M®’”?! if qi < ga- 
(Hi) Mq^ is a closed subspace of 
(iv) M®!’'^ ^ if Si < Sa- 

Theorem 2.2. //si,sa S K and if 1 < qi,q 2 < oo satisfy 1/qi + l/g 2 < !> define 
S 3 G R and qs > I by S 3 := si + sa and l/qs := 1/gi + l/ga- Then, the multiplication 
(u,v) i-A uv is defined and continuous from M®^’'^! x to M®^’® and from 

X M®^’'^^ (or M®^’'^^ X to Mg®’®. More precisely, 

I I'U'CI |m®3>93 < I |u| Im®!’®! I 1^1 |m'’2>92 . 

The above inequality generalizes Holder’s inequality, which is recovered when 
<?i = 9, 92 = 9 ', Si = -N/q and Sa = -N/q'. 

Example 2.4. If a > 0, the function (l + |a;|)“ is in . Thus, if {l + \x\)~‘^u G 
then u G and \\u\\f,fa-N/q,q < ||((1 + |a;|)“||M“.“ ||(1 + 

|a;|)““M||g by Theorem \2.2[ 

The definition of the spaces M®’"^ hints that they should be related to weighted 
Lebesgue spaces with weights behaving like |a;|“®'^“^ for large \x\. To make this 
connection precise, we introduce the spaces 

LI := {u : (1 + |x|)-®-^/«zi G L«}, 

equipped with the obvious norm. This definition makes sense if s G R and 1 < 
q < 00 and L| = L'J(R^; (1 + \x\)~’’'^~^dx) when q < 00 . The only motivation for 
introducing the spaces Lf is the proof of Theorem 12.41 (i) later. They will not be 
used beyond that point, but they play a key role in other issues ([H]). 

Theorem 2.3. (i) M®’°“ = for every s > 0, with equivalent norms. 

(ii) If s > 0, then u G Mg’°“ if and only if u € and, for every £ > 0, there is 
Rg > 0 such that |u(a;)| < £|x|® for a.e. x with |a;| > Rg (i.e., |m(x)| = o(|a;|®) at 
infinity after modifying u on a null set). 

(Hi) //1 < g < 00 , then L). M®’'? ^ for every t > s > —N/q and L). ^ 

if s> -N/q. 

Proof, (i) ^ M®’“ by Example 12.41 with a = s > 0 and g = 00 . To prove 

M®’°° = with equivalent norms, it suffices to show that M®’°° C for 

then the equivalence of norms follows from the inverse mapping theorem since both 
M®’°° and are Banach spaces. 
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Let then u £ be given and let n S N. For a.e. x £ Bn+i\Bn, we have 

|■u(aI)| < ||m||oo,b„+i < C{n + 1)'* where C > 0 is independent of x and n and so 
(l + ja;|)“®|u(a;)| < 1 ^( 01 )| < C'n“'*(n + 1)® < 2‘^C. Thus, (l + |a;|)“'*|u(a:)| < 2^C 

for a.e. x £ R^\Bi. Since u S L'^^, it follows that (1 + € L°°, i.e., u £ Lf‘. 

(ii) The sufficiency is straightforward: Given e > 0, let i?e > 0 be such that 
|u(a;)| < e|x|® for a.e. x with \x\ > R ^. If i? > Rg , then ||u||oo,Bh < ||m||oo,Br^ 
so that i?“'’||M||oo,BR < 2e if i? is large enough since s > 0. 

Conversely, if u G Mg’°° and e > 0, then H'uHoo.Br < 2~^eR^ for R large enough. 
In particular, |M(a:)| < 2~^e{n + I)'* for a.e. x £ Bn+i\Bn and n G N large enough, 
say n > rig, and then |x|“'*|M(a:)| < 2“®en“®(n + 1)® < e. Thus, |it(x)| < elxj'* for 
a.e. X with |x| > R^ := rig. 

(hi) L® by ExainDle l2 .41 with a = s+N/q > 0. The proof that ^ 

when t > s > —N/q is more delicate. Let u £ M®’'^ be given. By using Bn = 
U"^i(Bj\Bj-i) (with Bq = 0) and since (1 + |x|)“*'J“^ < for x G Bj\Bj_i, 

we get 

/b„(i + , w 

= /b„ w+ e;= 2 (0- -/s,_, w- 

In the right-hand side, |m|'J < 7 i“(*“®^‘?||u||^a,« tends to 0 as n —>• 

00 since t > s. Thus, to prove that u £ L^, it suffices to show that the sum 
J 2 j =2 {(j ~ /g. ^ |m|'^ is uniformly bounded. 

Note that {j — _ j-tq-N _ q- _ _ (x _ and that 

l-(I-j-i)*«+^ = O(j-i) = 0((j-I)-i) for j > 2. Thus, < 

C{j — i)-* 9 -JV-i G > 0 is independent of n (and of u) and so, 

0 < e;=2 ((j - Ib, , 

< cE-=2^j - I^I'^ = CE-Ji 1^1^ 

and the right-hand side is bounded since j {t s)q 1 < 00 . It follows that u £ 

Ll and, in fact, that 11^1 Ig? < C 11^1 Im's.'h i'h® embedding 

M®’9 C Lj is continuous. 

To complete the proof, we now assume s > —N/q and show that L| ^ Mg’®. 
Since L| ^ M®’'? was proved above and Mq’’^ C M®’'?, it suffices to show that 
Lj C Mg’'^. Let u £ Lj and e > 0 be given. Write u = (1 + |x|)®+^/‘?i; with 
u := (I -I- |x|)“®“^/'Jw G L'^ and choose (/? G C“ such that ||u — (/7||q < £. This yields 
i?-®-^/«||u||,.B„ < i?-®-^/'?(I + i?)®+^/9e-Hi?-®-^/‘?||(I + |x|)®+^/Vll9.BR- Now, 
||(1 -|-|x|)®+^/«(/7||,,Bjj = ||(I + |a;|)®+^/'J(/3||g,BBg if i? > i?o and Ro is chosen so that 
Supp:^ C Bbo- Since s > —N/q, it follows that limsupg_j,oQ i?“®“^/'^||M||q_Bj, < e 
and so u £ Mg’'* since e > 0 is arbitrary. □ 

Remark 2.1. If s < —N/q < s, then L| ^ L~ and Theorem \2.3\ is applicable with 
s replaced with "s. 

Although Theorem 12.31 suggests that the gap between the spaces M®’"? and Lf 
is negligible when s > —N/q, this gap allows for major differences. Most notably, 
the spaces L'/ are not ordered by inclusion when s is fixed and q is varied. For 
example, (I + |x|)“'^/'* ^ L'* ii q > I, so that there is u G L'* such that (1 -I- 
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|a;Q-w/9 V ^ (indeed, if / is a function on and fv G for every v G L^, 
then f G L'i \ use truncation and the uniform boundedness principle.) As a result, 
M := (1 + G LI but u ^ L\. An elaboration on this example shows 

that L® <f. LY if qi < 92 (or qi > 92 , which is trivial). For that reason, it will 
be technically essential to use the and Mq’^ scales than the Lj scale, even 

though, by Theorem 12.31 they often end up being interchangeable. 

Theorem 2.4. (i) ^ S'. 

(ii) If u is a polynomial, then u G M®’'^ (Mq‘^) if and only ifdegu < s (degu < s). 


Proof, (i) With no loss of generality, assume s > —N/q. Since M®’'^ ^ M®’^ by 
Theorem l2.1l fiil. it is not restrictive to assume 9=1 and then, by Theorem l2.3l fiiil. 
it suffices to check that Lj => S' for every t e R. Since sup 2 ,gRjv (1 + |x|)*+^|v5(x)| 
is a continuous seminorm on S, this follows from 

I/ra^ Uip\ < 11(1 + |a;|)-*-"u||i sup^gRiv(l + |a;|)‘+^|(/ 2 (a;)| 

= \MlI sup,^eK«(l + 

for every u G L\ and every (p G S. 

(ii) Let d := deg u. It is plain that u G C C M®’"^ for every 1 < 9 < 00 

and every s > d. In particular, u G Mg’'^ if s > d. 

Conversely, assume by contradiction that u G M®’'^ for some 1 < 9 < c» and some 
s < d. Choose a system of coordinates such that x = {xi,x') with xi G ,x' G 
and that u{x) = adxf + J2'jZo aj{x')x{, where aj G Pd-j(R^~^),0 < j < d 
and Ud G C\{0}. 

Given e > 0, denote by C R^ the sector |a;'| < exi around the positive xi- 
axis. For 0 < j < d — 1, there are constants Cj > 0 independent of e and of a; G 
such that |aj(a;')| < Cj{l + £'^~^xf~Y for every x G Thus, if e is small enough 
and i?o > 0 is large enough, |u(a;)| > (|ad|/2)xf for x G He with \x\ > Rq. Since 
|a;| < xi{l + when x G Eg, it follows that |M(a;)| > (|ad|/2)(l + 

for every x G with |a;| > Rq. As a result, if i? > Rq, 


•» SeHSi? 


|w| > ' 2 “^'(1 + £^) Is^n{BR\BRg 




where uje ■= |Ee n > 0 is also the ratio of the A^ — 1 dimensional 

measures of E^ n dBi and dBi. Thus, i?“®“^||w||i,B^ > R~^~^ (^IsenBR l“l) — 

cR'^~'‘ (1 — R~'^~^R'IY^^) where c = WE(|a£;|/2)(d + A')“^(I + e^)“^/^ > 0 is inde¬ 
pendent of R. Since d > s, this contradicts the assumption u G M®’'^ C M®d. 

If it is assumed that u G Mg’^ C Mg’^, a contradiction still arises when s = d. 
This completes the proof of (ii). □ 


As a corollary, we obtain an elementary Liouville-type property that will be 
instrumental in the proof of Theorem 14.41 (and convenient, but not essential, in 
that of Lemma 14.11) . Although it will only be used here with the elliptic operator 
A in (HU, we give a more general statement since the proof is the same. Recall 
that V is the space of polynomials on R^ with complex coefficients. 
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Corollary 2.5. Let B := E|a|i<m ® differential operator with constant 

coefficients such that -B(^) := 0 on R^\{0}. If u G M^’‘> (M^'^) 

for some I < q < oo and Bu G V, then u G V and degu < s (degu < s). 

Proof. By Theorem 12.41 (i), u G S', so that Bu = tt with tt G V C S' implies 
B(f)u = TT. Now, SuppTT C {0} since ^ is a linear combination of partial derivatives 
of 6 (Dirac delta). Since B{f) 0 when ^ ^ 0, it follows that Suppw C {0}. Hence, 
u is a linear combination of partial derivatives of 5, which amounts to saying that 
M is a polynomial. The bound on degu follows from Theorem 12.41 fiib □ 

Corollary 12.51 is related in various ways to a number of results in the literature. 
Among many others, we mention Agmon, Doughs and Nirenberg p. 662] (when 
B is homogeneous elliptic and q = oo). Week [49] (when Bu = 0 and q = oo), 
Hormander m, Murata |3Bj (when Bu = 0, s = 0 and q = 2). The last two papers 
deal with the solutions of Bu = 0 when B is a general operator with constant 
coefficients and u G Lf^^. They are much deeper but only cover the special case of 
Corollary 12.51 when Bu = 0, s < 0 and q > 2. For polyharmonic functions, Liouville 
theorems stronger than Corollary 12.51 with q = 1, but in the same spirit, can be 
found in Armitage [3] and the references therein. 

3. Embedding of into 

Arguably, the most important feature of the spaces is that a function with 
first order derivatives in is in if s > —1. This will be proved in this 

section (Theorem [32]) • The examples given in the Introduction made repeated use 
of this property. In addition, the embedding C for suitable values of s 

is a straightforward by-product (Theorem [TS])- For brevity, we do not discuss the 
embedding C M®’'* when qf^p, which will not be needed. 

We begin with a lemma on real-valued functions of one variable. 

Lemma 3.1. Let H : (0,oo) —^ ffi. fee a function bounded above on every compact 
subset of (0, oo). Suppose that there are X, p G (0,1) and c € R, i?o > 0 such that 

(3.1) H{R) < pH{XR) +c, Vi? > i?o. 

Then, H is bounded above on [l,oo) and limsup^^o,^ ii(i?) < c(l — p)~^. 

Proof. Since H is bounded above on the compact subsets of (0,oo), it suffices 
to show that if e > 0, then H{R) < e -b c(l — p)~^ for i? > 0 large enough. By 
contradiction, if this is false, there is a sequence i?„ —>■ oo such that e + c(\ — p)~^ < 
H{Rn) for every n e N. With no loss of generality, assume i?„ > i?o and let G N 
denote the largest integer j such that A-^i?„ > i?o, so that i?o < X^^'Rn < X~^Rq. 
Evidently, —>■ oo. On the other hand, since Rn > i?o, it follows from (jsiD 

that H{Rn) < pH{XRn) -b c and so e -b c(l — /x) ^ < /xiJ(Ai?„) + c. As a result, 
p~^e -b c(l — p)~^ < H{XRn). If XRn > i?o, then (13.11) can be used again with 
R replaced with Ai?„, which yields p~‘^e + c(l — p)~^ < H{X^Rn) and so, by 
induction, + c(l — p)~^ < H{X^"'Rn) for every n. Since lim/x”-^" = oo and 

X^"-Rn G [i?o,A“^i?o) C [i?o, A“^i?o], this contradicts the assumption that H is 
bounded above on the compact subsets of (0, oo). □ 

Theorem 3.2. Let k G Nq and let s G (—l,oo) and 1 < q < oo be given. If 
uGV' and d^u G M®’? when |/3|i = k, then u G If in 
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addition, k > l,s = 0,q = oo and lim| 3 ;|_>oo |V^u(a::)| = 0, then u G Mq’°° (since 
Mg’°° = {0}, this is false if k = 0). 

Proof. If fc = 0, there is nothing to prove (and s > — 1 is not needed). By induc¬ 
tion, it suffices to consider the case when fc = 1. The same thing is true for the 
“furthermore” part, for if the result is true when k = 1, it implies that d^u G Mg 
when |/3|i = k — 1 and k > 1 and it suffices to use the first part. 

From now on, k = 1. We first settle the case q = oo. Assume that Vu G 
(M®’°“)''^. There is a constant > 0 (for instance, Cu = \ \ |Vu| ||mo.“) such 
that II |Vu| ||oo,Bh < CuR^ for every i? > 1. Thus, u is Lipschitz continuous with 
constant on Br, so that |u(x)| < |u(0)| -I- C'ui?'*|x| < |u(0)| -I- for 

X G Br. As a result, ^ i?“'*“^|u(0)| + Cu < |■u(0)| + Cu since 

s > —1. This shows that u G 

If now Vu G , just note that the constant Cu above may be chosen 

arbitrarily small provided that R is large enough. The result then follows from 
limsupfl^oo< Cu- 

If Vu e (M°’°°)'^ = (L°°)^ and it is only assumed that lim|a;|_>,oo |Vu(x)| = 0 
(rather than the trivial Vu G (Mg’°“)^ = {0}), the proof must be modified to show 
that u G Mg’°“. Note that u is continuous on R^. 

Given £ > 0, there is i?o > 0 such that || |Vu| ||oo,bw\Bh(j < £■ In particular, 
u is Lipschitz continuous with constant e in every ball not intersecting Br^. If 
X ^ Br^, set xq := Rqx/\x\ G OBr^, so that xq is in the closed ball with center x 
and radius |x| — Rq (not intersecting Br^). As a result, |u(x) — u(xo)| < e|x — XqI 
and |x — XqI < |x| since Xq lies on the line segment between 0 and x. Hence, 
|u(x)| < |u(xo)| -he|x| < ||u||oo,Bbo +^1^1 and so |u(x)| < ||u||oo,BjI(, P s\x\ for 
every x G since the inequality is trivial when x G Br^. This yields ||u||oo,Bh — 
Halloo,B k(, + sR for every R > 0, whence limsup^_,,oo i?“^||u||oo,BK — Thus, 
lim^^oo = 0, i.e., u e Mg’°°. 

In the remainder of the proof, q < oo. Let i? > 0 be given. As a first step, we 
prove the inequality 

(3.2) ||u||,,B„ < 2 A-"/«||u||,,b., + |Vu| 

for every 0 < A < 1 and every u G W^’'^{Br). Since g < cxd, it suffices to prove (13.21) 
when u G C°°{Br). In what follows, dpU denotes the radial derivative of u. 

For 0 < t < R and 9 G write u{t,9) = u{Xt,9) + J^^dpu{T,9)dT. By 

Holder’s inequality and since 0 < 1 — A < 1, 

\u{t,9)\‘> < 29-1 ^|y(At,6i)|9 \dpuiT,e)\dTy'^ < 

Multiply by t^-i and use t < r/A for r > At to get 

ti^-i|u(t,6i)|9 < 29-iA^“"(At)i^-i|u(At,6i)|9-H 

29-iAi-V-i T^-i|apu(T, 6»)|9dT. 

By integrating over S^-i and since T'^-i|cIpu(T, 0)|9dr < Jg^Ti^-i|9pu(T, 0)|9dr, 
we find 

JgN-i t^-i|u(t,6>)|9d6> < 

29-iAi-^/g„_,(At)^-i|u(At,0)|9d0 + 29-iAi-^t9-i|||Vu|||^_s«> 
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SO that (1^ follows by f-integration over (0, R), by using (a + + 6^/"? 

for a,b>0, < 2 and < 1. 

Assume now that Vm € so that u £ Iii particular, (13.21) holds for 

every R> 0 and so 

that is, 

(3.3) H{R) < 2X^+^H{XR) + 2A(^"^)/«i?-"-^/'?|| |Vm| 

where H{R) := Note that H is continuous on (0, oo) since 

q < oo. Choose A € (0,1) small enough that 2A'’^^ < 1, which is possible since s > 

— 1. The assumption Vm G ensures that |Vu| ||,,b„ is 

bounded irrespective of i? > 1. By Lemma [ST] with fi = 2A'*~'"^, it follows that H is 
bounded on [1, oo) and so u £ 

If Vm G (Mq’”^)^, then for every e > 0 there is 1?^ > 0 such that |Vu| \ \q,BR < 

e a R > Re. Thus, by dHS]), H{R) < 2A®+^iL(Ai?) + 2A(^“^^/'^e if i? > R^. 

By Lemma [3.11 (still with /x = 2A®~'’^ < 1), limsup^^,^ iL(i?) < 2A^^~'^^^‘^e(l — 
2 AS+i)-i^ so that limxj_>oo H{R) = 0 since e > 0 is arbitrary. Hence, u £ 

□ 

If A: > 1 and s < — 1, Theorem 13.21 is always false: If it is a polynomial of degree 
exactly A: — 1 > 0, then V^it = 0 G Mg’'^ but u ^ since s + A: < A: — 1 

fTheorem 12.41 (ii)). If s = — 1, it takes a bit more work to show that it is true 

from to (but never from to in only two cases with 

little to no interest: If q > A^ (trivial since = {0} and V^ii = 0 if and 

only if u G Vk-i C or if g = A^ = 1 (if it^*^ G M~^’^ = L^, then 

y(fc-i) g = M°’“, so that u £ C by Theorem [321 with 

s = A; — 1 > 0). 

Theorem 3.3. (i) // A: G No and N < p < oo, then C M®’?’ for every 
s > k — N/p and C Mq^ for every s > k — N/p. 

(ii) If k £ No and 1 < p < A^, then C Mq^ for every s > k — 1. 


Proof. If M G then d^u £ when |,5|i = k. In case (i). Theorem 

13.21 with q = p and s — k instead of s directly yields u £ M^’P for s > A; — N/p 
because s — k > —N/p > —1 and M~^/P'P C That D^'P C Mg’^ for every 

s > k — N/p follows from Theorem 12.II (iv). 

In case (ii), —N/p < —1, so that M~^/P'P C M~^’P C for every e > 0 

(Theorem 12.II fivH and then u £ by Theorem 13.21 with s = —1 + £. □ 

Since || |V^m| ||p is only a seminorm on R^’P when A; > 1, the embeddings of 
Theorem 13.31 are not continuous if D^’P is equipped with this seminorm, but it is 
easy to get around this problem. For A: G No, we define 


( 3 . 4 ) 


Rk.P ■- Dk’P/Vk-1, 
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a (reflexive if 1 < p < c») Banach space for the norm ||[M]fe_i||^fc,p := IIIv^IIIp 
with u € where [wjfc-i denotes the equivalence class modulo Vk-i ([IS], lai 
p. 22]). Recall that V-i = {0}, so that = L^. 

Remark 3.1. By a theorem of Sobolev [IS], is dense in £)^>p if 1 < p < oo. 
See Hajlasz and Kalamajska [IB] for a simple proof and for the case p = 1, N > 1. 

The next theorem asserts that the set-theoretic embedding C (or 

£)fc.p Mq’^) is always equivalent to the topological embedding ^ M®’‘^/'Pfc_i 
(or ^ /Vk-i)- In particular, the embedding of quotient spaces corre¬ 

sponding to the embeddings of Theorem 13.31 are continuous. 

Theorem 3.4. J/fcGN, s>fc—1 (s > k — 1) and 1 < p,q < oo, then ^ 
M^-yVk-i (D’^’P ^ M^'yVk-i) if and only if C M®’® (D’^’P C 

Proof. The necessity is obvious. For the sufficiency, we only prove that if s > fc — 1 
and C M®’'^, then D’^’P ^ /Vk-i- The exact same argument works in the 
other case. 

Both D’^’P and /Vk-i are Banach spaces, the latter since M®’'^ is complete 
(Theorem 12.11 fiB and Vk-i is finite dimensional. Therefore, by the closed graph 
theorem, it suffices to show that if [urf\k-i S D^’P is a sequence such that [un]k-i 
[u\k-i in and [un]k-i ^ [ujfe-i in M®’«/H-i, then [rtjfc-i = [v]k-i. 

That [un]k-i Mfc-i in means that u„,u G D^’P and ^ in LP 
when \a\x = k. On the other hand, since M®’”^ is a normed space, [un]k-i bjfe-i 
in M®’^/7^fc_i means that v G M®’'^ and that there is a sequence 7r„ G Vk-i such 
that u„ — 7r„ —>■ u in M®’"^. 

By Theorem l2.4l (i), —>■ u in <Sb Since deg 7r„ < fc — 1 and differentiation 

is continuous on 5', d°^Un d°‘v in S' when |a|i = fc. As a result, = d°‘v since 
d°‘Un —t in LP ^ S'. Thus, u — v € Vk-i, i-e., [u]k-i = [u]fc_i. □ 

4. Regularity 

In this section, we prove a more general form of Theorem 11.11 The proof will 
follow from Theorem 13.31 combined with another preliminary result (Theorem 14.31 
below) with somewhat of a folklore status. For instance, related inequalities are 
quickly mentioned in Bergh and Lofstrdm Op. 167], with a reference to Hormander 
PP] . where apparently nothing relevant is to be found. When A = A, special cases 
have been proved “as needed” m when K = — 1, m when K = 0, |44j when 
K > 0). For completeness, we give a full self-contained proof. The following lemma 
is the first step. 

Lemma 4.1. // k G No and 1 < p < oo, the homogeneous elliptic operator A in 
O is a linear isomorphism from onto D'^’P. 

Proof. If v,w G and [v]m+K-i = [w]m+K-i, then w = v + ir where tt G 

Vm+K-i, whence Aw = Av + Att with Att G Vk-i (since A is homogeneous of 
order m). Thus, [Av]k-i is independent of the representative of [v]m+K-i^ so that 
A : ^ £)«;.p is -^^ell defined by A[v]m+K-i ■= [Av]k-i. From the definitions 

of the norms of £)"*+'".?> and it follows at once that A : D"‘+'^’P D^’P is 

continuous. 

If [v]m+K-i G D^+'^’P and A[v]m+K-i = [0]k-i, then [Av]k-i = [0]k-i for every 
representative v of [u]m-i-K-i, i-C., Av G Vk-i- By Theorem 13.31 T)™+'^>p c 
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and so, by Corollary 12.51 v £ Vm+K-i- Thus, [v]m+K-i = [0]m+K-i and so A is 
one-to-one on 

It remains to prove the surjectivity of A. A distribution E G S' is a, fundamental 
solution of A if and only ii E = E~^E, where E G S' is any distribution such 
that A{-)E = 1. Although the existence of a tempered fundamental solution has 
long been known for all nonzero differential operators with constant coefficients 
(Hormander |19] . Lojasiewicz [29] 1. we need a more precise result in the simpler 
case of this lemma. The construction below, needed to clarify an important point, 
is implicit in Hormander [22]; see also Camus [9]. 

If m < A^, it follows from the ellipticity and homogeneity of A that the function 
E ■= G n S' solves the division problem. If m > iV, we may proceed as 

follows. Given (/)(= (^(^)) G and p > 0, set 

'■= IsN-1 A{a)-^(t){pa)da. 

This makes sense since A{a)~^ is bounded away from 0 on Clearly, G 

Co°([ 0 , oo)) with 

(4.1) = JgN-i A{a)-^D^(l>{pa)a^da, Vj G Nq. 

Formally, E“ = should be given by {E,(j)) = p^~^~'"''il)^{p)dp but, 

since ^ Ljg^{\0, oo)) when m > N, the integral is not defined. We replace 

it with its finite part (see Schwartz [431 p. 42], Hormander [^ p. 69 ffj), thereby 
defining E by 


(4.2) {E,(P) = 


lim 


e-»0+ 


L 




A’ " "‘'4’4,{p)dp- 

[- ir (log {p)dp 


2-^j—O j\ 


{sr^m—N ■ — 

3 


{m—N)\ 
(jn—N) 


i V', 


loge 

( 0 ) 


It is readily checked that A is a distribution on and that E G S'. Furthermore, 
i’A(-)^{p) = 4i{p(j)d(T (in particular, = 0 if j < m - 1 ), which 

shows that {E,A{-)(j)) = (p, i.e., that A{-)E = 1, as desired. 

Thus, E -.= T~^E G 5' is a fundamental solution. For our purposes, the key 
property of E is that is the bounded function 'C'^A(^)“^ when jaji = m. 
This is obvious if m < A^, for then E is already a function. If m > A^, it follows 

from (|4.1I) that = 0 for every (p G when j < m — 1, so that, by (|4.2L 

{E,C(t>) = lime^o+= lime^o+ij5|>eC“^(0"V(0c^C = 

fgN ^°'A(^)~^p)(f)d^, which proves the claim. 

In the remainder of the proof, a, (3 and 7 denote multi-indices and laji = 
m. If (p(= (p(a;)) G , then E * ip G S' ([131 Theorem XI, p. 247]) solves 
A(E * ip) = ip. Also, 9“+^(A !if ip) = d'^E* d^ip G S' and so J^(cI“+^(A * ip)) = 
d°‘EdPip (e.g., because d^ip G and G S'\ see [43l p. 268]). Since d°^E = 
(—and since E is the function C'^A(^)“^, it follows that 9“+^(A ^ ip) = 
(-z)™J-i(^“A(^)-i^). 

By the Mikhlin multiplier theorem f [461 p. 96]), J-'“^(^“A(^)“^J^) is a bounded 
operator on . As a result, cI“+^(A * ip) G and there is a constant Cq, > 0 

independent of fp G such that jji9“+^(A*(p)jjp < Ca\\d^ip\\p. Since every 7 with 
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I 7 I 1 = m + K can be split in the form 7 = a + /3 with |q;|i = m and |/3|i = k, 
this shows that E * tp £ £)^+i^,p and that ||[-E * (/ 3 ]m+K-i||^m+»,p < C||[(/ 3 ]k-i||£),.,p 
where C > 0 is independent of p. 

As noted in Remark IXTl is dense in Given / S let then 

tend to [/]k-i in D'^’P, i.e., d^p^ — >■ f in LP when \j3\i = n. From the above, 

the sequence [E * p^m+K-i is a Cauchy sequence in so that it has a limit 

[v]m+K-i G By the continuity of A, the convergence of [E * p^m+K-i to 

[v]m+ii-i in implies A[v]m+K-i = liTnA[E*pJrn+^,-i = lim[A(£;*i^„)]^_i. 

Since A{E * p^) = p^, this yields A[v]m+H.-i = lim[(^„]„_i = Thus, A is 

onto D'^’P and the proof is complete. □ 

When K > 0, neither Lemma [01 nor its proof implies that A maps onto 

D'^’P. This issue will be resolved in Theorem 14.31 
If £ £ No and 1 < p < 00 , we now set 

(4.3) D-^’P := (^D^’P'Y , 

a Banach space for the dual norm. Consistent with dOJ, this gives again D'^’P = LP. 
Denote by 

(4.4) p(£,7V) := 

the number of multi-indices a such that \a\i = 1. Since the mapping [u]£_i 1 —>■ V^u 
is an isometric isomorphism of D^'P onto a closed subspace of (LP follows 

from the Hahn-Banach theorem that every / £ D~^’P has the form (/, [u]^_i) = 
E|a|i=^ fa9°‘u where /„ G LP and ||/|b-CP = ||(E|a|i=^ 

Conversely, if / G D-^^’P is defined by (/, [-uj^.i) := E|a|i=f/ rn/ a5“w for 
some fa £ LP, then WfWo-i.p < ll(E|a|i=J/«P)^^^llp and, by the denseness of 
C“ in D^’P IRemark 13.IL / G D~^’P is uniquely determined by the distribution 
By changing fa into {-lYfa, it follows that 

(4.5) D-^’P = {f = E|„q=, d^fa : fa G LP}, 

equipped with the norm inf ||(E|c(|i=^ l/aP)^^^llp (always a minimum). In partic¬ 
ular, this shows that maps D'^^p into for every k G Z. 

We shall now extend Lemma ITT] when k G Z. To do this, we need another lemma, 
in the spirit of Corollary 12.51 

Lemma 4.2. // 1 < p < 00 and k £ Z, then D^'P r\V — Vk-i- 

Proof. If A: > 0, the result is trivial since LP contains no nonzero polynomial. If 
A: < 0, it must be shown that if u G D^’P is a polynomial, then u = 0. 

Set k = —£ with £ G N. We first prove that u cannot be a nonzero constant. By 
contradiction, if I G D~^’P, it follows from (Ii3|) that 1 = J2\a\i=e fa for some 
fa £ LP and so [/jjat p\ < C|| |V^(p| ||p' for every p £ , where C > 0 depends only 

upon the norms H/aHp. Let if £ be such that /j^jv if = I- With p{x) := if{Xx) 
and A > 0, we get 1 = if\ < C'A^''’'^'^r'|| \\/^if\ lip, with the same constant C 
independent of A and a contradiction arises by letting A ^ 0. 

If now u £ D~^’P is a nonzero polynomial, some derivative of u is a nonzero 
constant and this derivative is in D~^’P with i > i > 0, which contradicts I ^ 

D-fp. □ 
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Remark 4.1. The exact same line of argument can he used to show that k G 

Z, contains no nonzero polynomial. 

Remark 4.2. Lemma \4-S\ may suggest that when k < 0, the functions of D^’P 
continue to be subject to growth limitations at infinity. This is false. For example, 
gn{x) := (1 + is in for every 1 < p < oo and every n S N, 

whence fn '.= diPn G by but /„ ^ for any prescribed s and q 

if n is large enough. Nonetheless, depending on N, p and k, suitable integrability 
conditions suffice for membership to D^’P when k <0 (Lemma \4.6^ , but this is not 
always true (Example \4.4^ - 

To give uniform statements for all k G Z, we henceforth drop the “dot” notation 
D^’P when k > 0 and return to the usual quotient space notation. Of course, 
D'^’PfVk-i = when fc < 0. 

Theorem 4.3. If k G Z and 1 < p < oo, the homogeneous elliptic operator A in 
cnp is a linear isomorphism from /Vm+K-i onto D'^'PiVn-x and a homo¬ 
morphism of onto D^'P. 

Proof. We begin with the isomorphism property. Since it was proved in Lemma 
14.11 when k > 0, we assume k < 0. Note first that D^’P C S' for every k G Z. This 
follows for instance from Theorem 12.41 til and Theorem 13.31 if k >0 (alternatively, 
[151 pp. 244-245] shows that u G S' ii and only if all the derivatives of u of some 
order fc > 0 are in S') and from (|4.5I) if A: < 0. 

By the homogeneity and ellipticity of A, the only solutions u G 5' of Au = 0 
are polynomials. This is a simple exercise on Fourier transform (see the proof of 
Corollary ESJ. Consequently, if m G and Au = 0, then u G V and so 

u G Vm+K-i by Lemma 1121 Thus, A is one-to-one on D'^^'^'PiVm+n-i- Since 
K < 0 (hence Vk-i = {0}), it remains to show that A maps onto D'^’P. 

Set K = -£ with £ G N, so that, by 03]), every / G D'^’P = D-^’P has the 
form / = J2\a\i=e fa for some /„ G Lp. By Lemma [TTl there is Va G D'^’P 
such that Ava = fa- Thus, if u := then u G = £)™+«.p and 

Au = /. This completes the proof that A is an isomorphism of U^^^'P jVra+K-x 
onto D'^'P for every k G Z. 

We now prove that A maps £)™+'^.p onto D'^’P. This was just done above when 
K < 0. If At > 0 and / G D'^’P, the first part of the proof (or Lemma [3TD ensures 
that there are tt G Vk-i and u G £)"*+'=-1’P such that Au = f it. Thus, it suffices 
to show that there is w G Vm-i-K-i such that Ava = tt, for then u — w G L)™+'^'P 
and A{u — va) = f. 

The dimension of the space of homogeneous A-harmonic polynomials of degree 
I, as calculated by Horvath [53], is v{i, N) — v{£ — m, N) with iz from (14.41) . where 
v{£—m, N) := 0 if £ < m. Thus, the subspace of H-harmonic polynomials in Vm+K-i 
has dimension ~ Efco Since v{l, N) is also the dimension 

of the space of homogeneous polynomials of degree £, this is just dim7^m-i-K-i — 
dimT’^-i. As a result, the rank of A : Vm+K-i T’k-i is dim'PK-i. Thus, A maps 
Vm-i-K-i onto Vk -1 and the proof is complete. □ 

In Theorem l4.3l the isomorphism property amounts to the generalized Calderon- 
Zygmund inequality (the reverse inequality is trivial) 

II [u]m+K-l\\D^+'^.P/V„,+K-l ^ C\\[Au]k,-1 
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for U € D^+'^’P. 

We can now prove a sharper and more general form of Theorem 11.11 

Theorem 4.4. Let A denote the homogeneous elliptic operator E 2 P. If u €V' 
and Au € D'^’P for some integer k > —m and 1 < p < oo, the following properties 
are equivalent: 

(i) u e D'^+'^'P. 

(a) u € Mq’^ for every s > m + k — N/p if p > N and every s>m + K — 1 if 
p < N. 

(ill) U € Mq 

Proof, (i) ^ (ii) by Theorem 13.31 

(ii) => (iii) by letting s = m + k in (ii) and by using C 

(hi) (i). Assume u G and Au G D'^’P. By Theorem 14.31 there is u £ 

jjm+K,p ^ ahcady proved above, v £ 

Hence, u — v G Since A{u — u) = 0, Corollary 12.51 yields u — vG Vm+K-i, 

so that u = V + {u — v) G □ 

A straightforward corollary of Theorem l4.4l addresses the same issue when 
is replaced with 

Corollary 4.5. Let A denote the homogeneous elliptic operator and let k > 

—m be an integer. Then, u G W'^'^'^'P if and only if 

(i) Au G D'^'P and u G LP 
or 

(ii) Au G D'^’P n D-^'P and u G M°^\ 

In particular, if m < N, Au G D^'P O L^p/i^+'^p) mUh N/{N — m) < p < oo and 
u G A/°’\ then u G W^+'^'P. 

Proof. In both (i) and (ii), the necessity is trivial and the “in particular” part 
follows from (ii) and Lemma 14.61 below (with an independent proof). To prove the 
sufficiency of (i), just use LP = M~^^P’P C since m + k > 0 > —N/p to 

get u G D-^+^^P by (iii) ^ (i) of Theorem gH Thus, u G PP P D'^+'^'P = 

([S Theorem 4.10, p. 337]). 

In (ii), use (iii) (i) of Theorem 14.41 with k = —m to get u G LP, so that the 
result follows from (i). □ 

Part (i) is trivial if k = —to, or if —to < k < 0 and A — 2 is an isomorphism 
of to W^’P for some z G C (e.g., A = A or, more generally, A strongly 

elliptic), but the latter can only happen if A(^) — z 7 ^ 0 for every ^ £ K'^, which 
need not hold for any z if A is merely elliptic. The simplest counter-examples are 
given by the powers d of the Cauchy-Riemann operator d when N = 2. On the 
other hand, if A is strongly elliptic, part (i) remains true with D'^’P replaced with 
W^'P, which is more general when k < 0 . 

When K > 0, part (i) does not follow right away from classical elliptic theory 
even if A = A. Indeed, if Ait = / £ D'^’P and u G PP, then Ait — u = f — u but 
since (a priori) f — u need not be in W^'P, the regularity properties of A — 1 do 
not yield it £ W'^^'^’P. In fact, they do, but only with extra work (differentiation 
and bootstrapping; details are left to the reader) and the result cannot be called 
well-known. 
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Since part (ii) involves the space Mq’^, it is new irrespective of A. Recall that 
u € Mq’^ is much more general than the necessary u € LP] see the examples of 
Section [21 but more information than just Au € D'^’P is needed. A nonstandard 
example of (i) and (ii) with N = 2 and to = 1 is that u € W^’P if either u € LP and 
du G LP with 1 < p < oo, or M G Mq’^ and du G LP (1 L^pAp+A 2 < p < oo. 
Of course, it = 0 if i9u = 0 in both cases, consistent with Corollarv l2.5l 

We complete this section with four very different applications of Theorem 14.41 
We begin with a “consistency” property. These properties are very useful, but not 
trivial in scales of spaces which are not ordered by inclusion. 

Example 4.1. Suppose that u G for some ki G Z and some 1 < pi < oo. 

If Au G D'^^’P^ for some K 2 > ni and some 1 < p 2 < oo, then u G T)™+'^ 2 .P 2 ^ jf 
Ki > —TO, this follows at once from (i) ^ (Hi) in Theorem^^and from C 

^m+K 2 ,i^ //ki < —TO, choose £ G N such that ki > —im. By Theorem \4.S\ for A^~^, 
there is v G such that A^~^v = u. Hence, A^v = Au G Since 

K 2 > > —£m, the first step yields v G whence u = A^~'^v G 

This argument shows that a general result may be useful even if a single operator 
is of interest. 

When At > 0, the use of Theorem 14.41 is simplified in problems Ait = G(it) : 

Example 4.2. LetG : C —>■ C &e a continuous function such f/taf lim|^|_^oo |G( 2 :)| = 
oo. If u G and Au = G{u) G D'^’P for some tt G Nq and 1 < p < oo, then 
u G By Theorem If.41 it suffices to prove that it G In fact, we 

claim that u G , which is stronger since to > 0. To see this, let g : [0,oo) —>■ 
[0, oo) be defined by g{t) := mingg[o_ 27 r] |G(te*®)|. Then, g > 0 is continuous and 
limt_>oo gft) = oo. Let h > 0 be a continuous function on [0, oo) such that h < 
g, h{0) = 0 and limt_^oo h{t) = oo. The existence of h is not an issue. Then, the 
convex hull $ of h is a Young function. 

By Theorem Vd.A G{u) G D'^’P C Mq’^ C Mg’^. Since 0 < ^ditj) < |G(it)|, we 
infer that $(|it|) G Mg’^. Let t^ > 0 and X > 0 be chosen as in Example when 
q = 1, so that t < ^{Xt) if t > to. Equivalently, t < A4>(t) if t > Xto. Thus, 
|it| < Xto + G whence u G and even u G Mg if n > 0 (because 

Xto S c. Mq'^) or if 1 ft (because Xto > 0 can be chosen arbitrarily small 
if 1 ^ see part (iv) of Examvle \2.2\} . 

It is easy to generalize Example 14.21 when G = G(a;, it, Vit,..., V^it) (possibly 
k> m) and there is a Young function $ such that |G(a;, it, Vit,..., V^it)| > <i)(|V^it|) 
for some 0 < j < to — 1. Indeed, by the same argument, $(|V^ii|) G Mgimplies 
|V-^it| G M'^d and then it G M^+k,i by Theorem 13.21 This also works if 

j = m and either tt > 0 or 1 ^ L<i,, for then |V™it| G Mgand so it G by 

Theorem 13.21 If A > 1, this is not applicable when G is linear in (it, Vit,..., V^it), 
unless fc = 0 . 

The next example shows how the properties of the spaces M®’^, notably The¬ 
orems OISJ and 13.31 can be combined with Theorem 14.41 to convert growth as¬ 
sumptions on the coefficients into regularity results for the solutions. Similar issues 
have been discussed by various authors; see [32], [40] and the references therein, 
but it is safe to say that the results given in Example 14.31 below cannot be proved 
by previously known arguments. 

The following equivalent dual form of Sobolev’s inequality will be useful. 
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Lemma 4.6. If k < N is a positive integer and if N/{N — k) < p < oo, then 
Np/{N + kp) > 1 and ^ ]j-k,p embedding). 

Proof. Let g > 1 be such that kq < N. By Sobolev’s inequality, there is a con¬ 
stant C > 0 independent of € C“ such that < C\ \ |V^gj| ||g, where 

q* *k ._ ]\[ql(^]\j _ j^qf gy denseness of C§° in (Remark [3d]) , this yields 

the embedding ^ ^ Since C“ C £)*’'? is dense in , this embedding 

is dense and so, by duality, ^ . The embedding is dense 

since is reflexive. Since = Nq/{{N + k)q — iV), the result follows by 

letting □ 

Example 4.3. All the functions are real-valued. Consider the problem — V'(oVm)-|- 
cu = f on where a, c > 0 are C°° (for simplicity) and satisfy the conditions (i) 
S Z)^’°° and (ii) e Z°“. 

Neither a nor c needs to be bounded or bounded below by a positive constant but, 
since S M^’°° by (i) and Theorem \S.A (i), a(x) cannot decay (pointwise) 

faster than |a;|“^ at infinity. The function c can decay arbitrarily fast but, by (ii), 
it cannot grow faster than of. 

It is readily checked that the space V := {u € V : € {if)^,c^^‘^u € L^} 

is a Hilbert space for the inner product /j^jv aVu • Vv -I- Jj^jv cuv. Hence, if f € 
Z^(R'^; which is henceforth assumed, there is a unique u gV such that 

—V • (oVm) cu = f. Equivalently, 

(4.6) — Am = (a“^Va) • Vm — a“^CM-I-a“^/. 

The right-hand side is in L^. Indeed, (a“^Va) ■ Vm = (o“^/^Va) • (o^^^Vm) G Z^ by 
(i) since u G V and a~^cu = a~^cfl'^{cfl'^u) G I? and a~^f = a~^cfl'^{c~^l'^f ) G 
I? by (ii) since u G V and since c~^^^f G Z^. We claim that u G D^'^. By 
Theorem [23 it suffices to show that u G As noted above, a G M^’“. 

Since G {L^)^ and it follows from Theorem, \2.2\ that Vm = 

(a“^/^)o^/^VM G C By Theorem \S.2[ u G (y Mq’^. 

Assume now N > 2 and replace (i) and (ii) with (i’) G and (ii’) 

q,-i^i /2 g j^N^ j^y u gV and (V), (a“^Va) ■ Vm = (a“^/^Va) • (o^/^Vm) G 
IAN/{n+ 2 )^ Qy Zemma 123 (with k = l,p = 2 and since N/{N — 1) < 2 when 
N > 2), it follows that (a“^Vo) • Vm G Likewise, by using u G V and 

(ii’), a~^cu G Z)“^d a~^f G Thus, the right-hand side of is in 

We claim that u G Mq’^, so that u G by Theorem \4.4\ First, G 

AIq^ for every s > 0 by Theorem \S.S\ (ii). In particular, G . Next, 

o^/^Vm G (L^)'^ = . Hence, by Theorem \ 2. 21 Vm = a“^/^(o^/^VM) G 

C and so u G Mq’^ by Theorem, \S.2[ 

Let 2* := 2N/{N — 2) (recall N > 2). By the Sobolev inequality, Vu — Lfoo G (Z^ 
with Uoo G M.^ if (i) and (ii) hold and u — Uoo G Lf with Uoo G K if (i’) md (H’) 
hold. In particular, Uoo = 0 if (i), (H), (i’) and (ii’) hold (because u G D^''^) and 
so u G Z)^d ^ With this, it is not hard to find further conditions on a, c and f 
(compatible with previous assumptions) ensuring that the right-hand side of 
is in if . Then, u G by Theorem If. 41 since u G is already known. In 

turn, this implies u — Uoo G Z)^d* p 7 ^ 2 * _ ]/{/ 2 , 2 * ^ 

^Explicitly, this embedding is given by 1 —> n — where ttu € Pk—l is the only 

*k 

polynomial such that u — ttu € ; clearly, u — ttu is independent of the representative u. 
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By a scaling argument, C§° ii k > N and l<p<ooorO<fc<iV and 

1 < p < N/(N — k). Example 14.41 below shows that the latter result, extended to 
the optimao range 1 < p < N/{N — k), can be derived from Theorem 14.41 

Example 4.4. Let u be a smooth function equal to for \x\ large enough 

if N >2, or equal to log |a;| for |a;| large enough if N = 2. Then, u G with 
p > N/{N — 1) and so u G Mq’^ C by Theorem \3.3[ Therefore, Au ^ D~^’P if 
1 < p < N/[N — 1), for otherwise u G D^'P by Theorem \4-.4\ which is obviously false. 
Since Au G C“, this shows that ^ D~^'P if N > 1 and 1 < p < N/{N — 1). 
Likewise, C“ (fi D~‘^’P if N > 2 and 1 < p < N/{N — 2) because u G LP if 
and only if p > N/{N — 2). More generally, ^ ]j-k,p N > k > 0 and 

1 < p < N/{N — k) can be seen by using the function and the operator A^ 

with t = fc/2 when k is even or i = {k + l)/2 when k is odd. By Lemma \4.6[ these 
non-embeddings are sharp. 


5. Exterior domains 

In this section, fl C is an exterior domain (i.e., IR.^\n is compact). To fix 
ideas, we shall also assume that 0 ^ 12. In particular, LI M.^ but also LI R^\{0}. 
We shall extend Theorem 14.41 to this setting, but unexpected necessary restrictions 
on N and p arise when k < 0, which are not needed when LI = . 

If fc S No and 1 < p < oo, the homogeneous Sobolev space D^’P{LI) is defined 
by (II.,ip after merely replacing with Ll. li £ G N, the space D ^’P(LI) is the 
dual of the completion (Ll) of C^{Ll) for the norm || |V^(p| ||p',n. (If Ll = K^, 
the definition (lOl) is recovered since C§° is dense in D^'P .) With this definition, 
D~^'P{Ll) is a space of distributions, d°‘ maps D^'P{LI) into for every 

k G ll and d°‘ is continuous from D^'P{LI)/Vk-i to D^~'^°‘'^^'P[LI)/'Pk-\a\i-i. For 
more details, see e.g. [TS] . 

The first task will be to adjust Theorem 14.41 to the new setting ('Theorem I, 5., ip . 
To begin with, spaces M^’P{LI) and Mq’^{LI) can also be defined on Ll in the obvious 
way, by merely replacing with 

(5.1) LlR-BRLiLl, 

in CD) and (12.211 and by choosing R> Q large enough that \LIr\ > 0. However, to 
ensure the LP-integrability on LIr, the definition of M^’P{LI) must incorporate u G 
Lfof.{Ll) rather than just u G Lf^^{Ll). This is of course immaterial when Ll — M.^. 

Remark 5.1. The extension by 0 outside Ll maps M^’P(LI) (M^^iLl)) into M^’P 
(Mq^). As a result. Theorems \ 2. R fKB and fK^ have obvious generalizations that 
we shall not spell out explicitly. 

The aforementioned possible restrictions about N and p originate in part (i) of 
the following lemma, related to Lemma [4.61 

Lemma 5.1. Let oj C be an open subset. 

(i) Let ip G C°° be such that Suppp C oj and that SuppVp is compact. Then 
pv G D^’P for every v G D^’P{oj) if either k > 0 and 1 < p < oo or —N < k < 0 
and N/{N k) < p < oo. 

(ii) If OJ is bounded and doj has the cone property, then D^’P{pj) = W^'P{oj) if either 


^Since we did not define D when p = 1. 
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k > 0 and 1 < p < oo or k < 0 and 1 < p < oo. 


Proof, (i) If /c > 0, this follows from Leibnitz’ rule and from D^’P{uj) C (w) (use 
Supp compact; in particular, ip is locally constant outside a ball and therefore 
bounded). Below, we give a proof when k = —\ (hence > 1 and N/{N — 1) < 
p < oo). When fc < 0 is arbitrary, the modifications are straightforward. 

First, p > N/{N — 1) amounts to p' < N, so that p'* := Np'/{N — p') < oo. Let 
if € be given. Since v € D~^’P(uj), it follows that \{pv,ijj)\ < C\\ \V{ip'ip)\ ||p' 
with C > 0 independent of tp. Now, use || ||p' < C,p{\\ iVi/^l ||p' + || IIp'.S,^), 

where S^p := Supp V </5 and > 0 is independent of ip. Next, by Holder’s inequal¬ 
ity, Wi^Wp'.s^ < \Sp\^/^\\'ip\\p'-,s^, whereas M\\p'-,s^ < ||i/'||p'* < C\\\Vip\\\p> by 
Sobolev’s inequality. Altogether, \{(pv,ip)\ < C\ \ iVip] ||p/ for every ip e C(j“, whence 
ipv € D~^’P. 

(ii) is trivial if fc = 0 and proved in [STJ p. 21] if fc > 0. If so and if 1 < p < oo, 
then Dq’^{uj) = Wq’^{uj) with equivalent norms (Poincare’s inequality), so that 
(w) = (uj) by duality. Exchange the roles of p and p' and of fc and —fc 

to get D^’P{uj) = IF^’^(a;) when fc < 0 . □ 

In part (i), the restrictions on N and p when fc < 0 are needed even if ui is 
bounded. In particular, if w € D^’'p{uj) has compact support, the extension of v by 
0 need not be in D'^'P without these restrictions; see Example 14.41 and preceding 
comments (indeed, C((°(a;) C for every fc G Z and 1 < p < oo when 

UJ is bounded). On the other hand, no restriction on N and p is necessary if uj is 
bounded and R.^ is replaced with a bounded open subset to D uj, because Poincare’s 
inequality can be substituted for Sobolev’s inequality in the proof. 

The following generalization of Theorem 13.31 is straightforward. 

Lemma 5.2. Ifdfl has the cone property, Theorem, \S.S\ remains true upon replacing 
D^’P and M^’P with D’^'P{Vt) and M'^'P{n), respectively. 

Proof. Let i?o > 0 be large enough that C Bug. If rt G D^'P{^), then 

u G D^'P{iliig) = IF^’P(H/{(,) (Lemma [5T](ii)) and so u G Let p G C°°(H) 

be such that p = 1 outside Bhq and p = 0 on some neighborhood of K^\H. By 
Lemma 15.11 (i) (with no restriction on or p since fc > 0), pit G D^’P and so, by 
Theorem l3.3l for pu, it follows that pu G M^'P or pu G Mp’^for the specified values 
of s. This trivially implies u G M‘^'P{VI) or u G as the case may be. □ 

It is now easy to prove a variant of Theorem 14.41 

Theorem 5.3. Suppose that dVl G and let Rq > 0 be such that C B^g. 

If u G P'{Q) and Au G D'^’P{Q) for some integer k > max{—m, 1 — N} and 
max{l, N/{N + «)} < p < oo, the following properties are equivalent: 

(i) u G D”^+'^'P{n). 

(ii) u G D'^'^'^’P Mq’^(H) for every s > m + k — N/p if p > N and every 
s > m + K — 1 if p < —N. 

(Hi) u G D™+'‘’P(HK„)n Mo™+'=’^(H). 

Furthermore, (i) ^ (ii) if it is only assumed that dfl has the cone property, k > —m 
and 1 < p < oo and (ii) (Hi) is always true. 

Proof, (i) ^ (ii) ^ (hi) If u G D”^+'^’P(H), it is obvious that u G D"^~^'^'P{niig), 
whereas u G Mq( fl) for every s > m + k — N/p iip > N and every s>to-|-k— lif 
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p < —N by Lemma[52I In particular, u G by R.emark ib.ll and Theorem 

o (ii). This also proves the “furthermore” part. 

(hi) (i) Suppose that u G that Au G D'^’P{n) and that u G 

By Lemma O (ii), = bT’"+'‘’P(IIiio) and so, by the 

Stein extension theorem (this uses G C°’^; see [J p. 154], [JSl Chapter 6]), 
u can be extended to all of as a function u G lT'"+”’^(i?i{(,). In particular, 
Au G and Au G £>'‘■^(11) since u = u on Gl. 

Choose If G C“ (£/{(,) with p = 1 on a, neighborhood of and write Au = 

ipAu + {\ — (p)Au. By Lemma [01 til with w = B^g and, next, w = 17, we get tpAu G 
and (1 — ip)Au G 77”’^. This shows that Au G D'^'^ . Since u G M™^'^’^(r2) 
implies u G Theorem 14.41 yields u G whence u G □ 

If > 2 and u{x) := \x\^~^, then Au = 0 in 17,u G LP{nRg) for every 1 < p < 
oo and u G £^(17) if and only if p > N/{N — 2). In particular, u G Mg’^(17). Thus, 
the hypotheses of Theorem 15.31 are satisfied with m = 2, k = —2 and N/{N — 2) < 
p < oo. Since u ^ £p( 17) when p < N/{N — 2), this shows that the condition 
p > N/{N — 2) cannot be dropped. Of course, the similarities with Example 14.41 
are no coincidence and the functions and operators of that example also show that, 
more generally, p > N/{N + k) cannot be dropped in Theorem 15.31 

We shall not spell out the obvious analog of Corollarv l4.5l ('iust note that £^’(17) n 
£)™+”’^’(17) = IE™+”’^(17) when k > —m follows, by extension, from the same 
property when 17 = and from Lemma 15.11 (h)). The consistency question, 
similar to Example 14.11 when 17 = R^, is settled in the following corollary, but in 
a (necessarily) more limited setting. It has not been addressed in works discussing 
existence, even when A = A (for instance, |44 ) ). 

Corollary 5.4. Suppose thatu G i7’”+'‘i’Pi(17) for some integer ki > max{—m, —N+ 
1} and some max{l, A^/(7V + ki)} < pi < oo and that Au G (17) for some 

K 2 > Ki and some max{l, N/(N + K 2 )} < P 2 < 00 . 

(i) If on G and u G (17_R(,) with Rq > 0 such that R^\17 C Bug 

(whence u G (17/jg) by Lemma WH] (ii)), then u G (17). 

(ii) If 17' is an open subset such that 17 C 17, then u G (17'). 

Proof (i) By Theorem l5.3l with k = ki andp = pi, rt G M™^'^^’^(17) C M™''’'‘^’^(17) 
and then u G (17) by Theorem 15.31 with k = K 2 and p = p 2 - 

(ii) After enlarging 17', it is not restrictive to assume 917' G C°’^. Let p G C((°(17) 
be such that p = 1 on some open ball £ C 17. By Lemma [5T] (i) , pAu G £)'' 2 ,P 2 ^ gQ 
that, by Theorem 14.31 there is n G £)’"+'‘ 2 ’P 2 such that Av = pAu. In particular, 
A{v — u) = 0 on £. By hypoellipticity, v — uG C°°{B), whence u G £)"^+'‘ 2 .P 2 = 

IT’"+''2.P2(B') for every ball £' g B. This shows that u G W;™+'‘"’^"(17) and, 
hence, that u G IT"'+'' 2 .P 2 (H'^J c £)"'+'= 2 ,P 2 (f^^J for every £0 > 0 such that 
R^\17' c Bag. Thus, u G by (i) with 17 replaced with 17'. □ 

In part (i) of Corollarv l5.41 the condition u G (ilng) depends only upon 

the behavior of u near 917. This may be provable by elliptic regularity arguments. 
For instance, if A is properly elliptic (hence to = 2^ is even), ki > 0 (hence 
K2 > 0), 917 G £'"+''2 and d^u/dv^ G IT"'+''2-I-i/p2.p2(5J7) for 0 < j < £ - 1, 
classical elliptic regularity yields u G W^~^'^‘^’P^{flRg) (note that u G (17) 

since Au G D'^^’P^{Q) C (17), whence 9 ' 1 u/ 9 i 2 ^ G W"^~^^^~^~^^P^’P^{dQRg) for 

0 < j < i—1). This remains true under much more general boundary conditions on 
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dQ under suitable smoothness requirements; see mi Corollary 2.1] and “obvious” 
generalizations when k > 0 in that paper. If m < 0, there may or may not be an 
elliptic regularity result to answer the question. 

We complete this section with an example showing how solutions of boundary 
value problems on 17 can be found in the space Mg’^(17). As pointed out in the 
Introduction, the functions of Mg’^ vanish at infinity in a generalized (averaged) 
sense. On the exterior domain 17, this property is obviously shared by the func¬ 
tions of Mg’^(17). In spite of having no direct connection with regularity, this short 
digression is included since it involves the M®’'^ scale introduced earlier, which has 
not been used elsewhere to discuss the asymptotic behavior of solutions of PDEs. 
In the next theorem, refers to the space of distributions u G 17'(17) such 

that ifu G W^’'^(17) for every ip G C((°(17). 

Theorem 5.5. Suppose that N > 2 and that 917 G C^. If G L'^(17) 

and g G for some 1 < q < oo, the Dirichlet boundary value problem 


( Au = f in il, 
[ u = g on 917, 


has a solution u G If dU, G C°’^, this remains true when 3/2 < 

q < 3 (and, more generally, when 3(£ -I- 2)“^ < q < 3(1 — £)“^ for some 0 < £ < 1 
depending only upon 17/. 


Proof We reformulate the problem (15.21) with the help of the Kelvin transform 
method (0, pT)l Vol. 1]). Denote by 17^ the bounded open subset of obtained 
by the inversion x i—>■ ?/ := |x|“^x of 17 U {oo}. The boundary 917^ is the inverse of 
917, so that 917^ G C^. If h is a function defined on a subset of R^\{0}, set 




(Kelvin transform of /). Note that (h^)^ = h. 

Therefore, u is a solution of (15.2p if and only if solves Au^ = \y\~'^f^ on 
17^\{0} and = g^ on 917^. In particular, if \y\~'^f^ can be extended as a 
distribution on 17^, solutions u := (u^)^ of (15.211 can be found by solving the 
Dirichlet problem 


f Au^ = \y\ in 17 
{ = g^ on 917 


The standing assumption 2 N/qj ^ is equivalent to |y| ‘^f^ G 

Li{n^). Since L«(17^) C and since 917^ G and G Wi-i/‘?’‘?(917^), 

there is a unique solution G of (15.31) . By standard trace theorems, 

this follows by reduction to the case g^ = 0. When g^ = 0, see Simader and Sohr 
mi Theorem 1.2, p. 45], Morrey [34l Remarks, p. 157] (when q > 2) 01 Dautray 
and Lions [TOl p. 409] (with proof in [28]) when 917^ G C°°. 

By Jerison and Kenig [24l Theorem 1.1], the case when 9D^ G (i.e., 9D G 
C°’^) introduces the necessary restrictions 3(£ -I- 2)~^ < q < 3(1 — £)“^ for some 
0 < £ < 1 depending only upon (i.e., upon D). This range includes 3/2 < q < 3. 

Clearly, G implies u G but this alone does not give 

any information about the behavior of u at infinity. Choose i?o > 0 such that 
C Bflg. Then, Iq := ju] < 00 since u G and, if R > i?o 
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(observe that is the Jacobian of \y\~'^y) 

Inn = ^0 + / sr\bho = ^0 + /b \y\~^^^^'’W^iy)\dy- 

Rq 

Now, by interior elliptic regularity, G ^;oc(^^) so, by 

Holder’s inequality, Ay\-^^+^'>\u^iy)\dy < CrR^+^-^/^'\\u^\\r,B, 

Kq ^ ' H ^ “o 

if ^ L'^{B^-i), where Cr > 0 is independent of R. Thus, u G 

j^ 2 -N/r fQj- every such r. By the Sobolev embedding theorem, we can choose 
r = Nq/{N — 2q) if q < N/2 or r arbitrarily large if g > N/2. In summary, 
u G with s = —N/q' if g < N/2 or with s>2 — 7Vifg> N/2. Since N > 2 

and g > 1, it follows that u G for some s < 0, whence u G MQ’^(r2). □ 

If g > 2N/{N + 2), it is a bit tedious but not difficult to check that the solution 
u of Theorem [53] is even in for some 1 < p < oo (hence in Mq’^), but this is not 
the case if 1 < g < 2N/{N + 2). Also, |M(a:)| = 0{\x\'^~^) = o(l) for large |x| if 
is continuous at the origin. This requires G L'^(fl) with q > N/2 

(so that G Wf///{n^)), which may not be compatible with q < 3(1 — £)“^ when 
N > 7 and dfl G C°d. At any rate, this is strongeiH than G L^/^(r2). By 

comparison. Theorem 15.51 shows that when dfl G C^, solutions vanishing at infinity 
still exist under the (much) more general condition G L‘^(B) for 

some q > 1, only slightly stronger than |xp“^/ G L^(B). For example, this amounts 
to a < —2 versus a < —N if /(x) = |x|“ for large |x|. 

The method of Theorem |53| can readily be used with other boundary conditions 
and other operators. Neither the homogeneity nor the constancy of the coefficients 
is important, as long as the problem on fits within the elliptic theory. 

6. Systems 

In what follows, n G N, m := (toi, ..., to„) G (Nq)" and k := (ki,...,k„) G Z" 
are given and A := (Aj 7 ;)i<j fc<„ is a matrix differential operator where 

A,k ■= 

\a-\i=m.jk 

is homogeneous of order := — k^-, with the understanding that = 0 

if rrijk < 0. With these assumptions, the n -tuples m -|- k and —k are a system of 
DN numbers for the operator A (Doughs and Nirenberg [12], Wloka et al. [50]1. 
Let A(^) denote the n x n matrix with entries 

^jkiO ■= 5Z 0,ikaC‘ ■ 

\a\i=mjk 

Since Ajk{^) is homogeneous of degree rrijk, it follows that det(A(^)) is homoge¬ 
neous of degree M := 

We shall assume that A is DN elliptic. This means that 
det(A(0) + 0 for every ^ G K^\{0}. 

The above assumptions are unaffected by changing k into k -I- il where i G Z and 

1 := (1,...,1) GN". 

^Since the condition J g L^{p.) is equivalent to G and is 

bounded, it becomes more restrictive as q is increased. 
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Homogeneous Petrovsky-elliptic systems (mi = • • • = m„ and ki = • • • = k„), 
such as the linear elasticity system and diagonal systems of homogeneous elliptic 
operators (arbitrary rrij and kj) are the simplest examples satisfying the above 
conditions. The Stokes system, with n = N + 1 and mi = ■ • ■ = rriN = 2, ki = 
• ■ • kn = k & h and mN+i = 0, kn+i = k -f 1 is a less obvious example. 

Since the space of formal scalar differential operators with constant coefficients is 
a commutative ring, det A is defined as a scalar differential operator with constant 
coefficients. This remark was first used long ago by Malgrange [50] to prove the 
existence of a fundamental solution for systems with constant coefficients. We shali 
use it in a technicaily different way, but in a simiiar spirit, to generalize Theorem 
14.31 In practice, det A is obtained by replacing with in det(A(^)), so 

that it is homogeneous of order M and elliptic. 

For simplicity of notation, we set 




rtij -\-K,j ,p 




'J,P 


‘Pm+K.-l n 

r.-i :=n;=i 


n .p 

1 = 1 ' nij+Kj-l 



Thus, if u = G D (f = (/i)i<i<„ € D '^’P), the equivalence class 

of u in /Vm+k^i (of f in D'^’P is [u]„,+,_i = i[u]m,+.,-l)l<j<n 

([flft-l = {[fj]K,j-l)l<j<n)- 


Theorem 6.1. 7/1 < p < oo, the operator A is a linear isomorphism from 
/Vtn+]i~i onto D'^'P and a homomorphism of D™-^'^'P onto D'^'P. 


Proof. A routine verification shows that A maps 77“'+'^’^ into D'^’P and T^m+K-i 
into Vk-i, so that A is well defined from /Vm+k-i to D'^'P Fur¬ 

thermore, in that setting, A is one-to-one, for if u € 77'"+'^’*’ and Au G Pk-i, the 
usual Fourier transform argument shows that Suppu = {0}. Hence, the compo¬ 
nents Uj G of u are polynomials and so uj G Vmj+K.j-i by Lemma 

which in turn yields [u] m+K-i = [0] m+K-i- 

We now prove that A is onto D'^'P/Vk-x by exhibiting a right inverse. For 
every 1 < j,k < n, denote by Cjk the {j, k) cofactor of A. This is the scalar 
differential operator obtained by replacing with in the corresponding 

cofactor C'jfc(^) of A(^). As a result, Cjk is homogeneous of order M — m^ — Kk + 
Kj. In particular, Cki (homogeneous of order M — mg — + Kk) maps 

into and Vm+kx-i i^^to Tmt+n^-x and so it is a well defined operator 

from D^'^'^*‘’P/VM+Kk-i to /Vmt+K.t-i- On the other hand, by the very 

definition of C^fe, 

n 

(6.1) E AjgCkg = Sjk det A (Kronecker delta). 

e=i 

It follows from Theorem 231 that det A is an isomorphism of /Vm+kx-i 

onto D'^^’P/VK.f.-x for 1 < fc < n. Denote by Bk the inverse isomorphism and let 
[fVk-i G so that Bk[f]Kk-i G /Vm+nk-i- From the above, 

CkgBk[fU-x G D^^+^^’PlVm,+n,-i and so AjgCkgBk[fU-x G since 

Ajg (homogeneous of order mg + Kg — kj) maps into and Vme+K.e-i 

into T’kj-i. Consequently, by ((6l1) . J2'g=x ^jeC!kgBk[f]Kk-i = [0]ki-i A j k and 
J21=x^kiCkgBk[f]^,^,-i = (detA)Hfc[/]Kfc_i = [/j^fc-i. Therefore, the operator 
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B := {Bjk)i<j,k<n with Bjk '■= CkjBk acting from to D 

is a right inverse of A. 

To show that A maps onto D '^’P, recall that, by Theorem 14.31 det A 

maps onto D^*‘’P for 1 < fc < n. Given f = {fk)i<k<n S choose 

Vk € such that (det A)wfe = ft and, for 1 < £ < n, set ui := J2k=i ^kevk- 

Then, ue G D^e+i^up -^^ith u := {ui)i<i<n G £)m+K,p^ have (Au)j = 

= EUi ELi = J2k=i^jkidetA)vk = fj. Thus, Au = f 

and the proof is complete. □ 

When A is the Stokes system, partial results related to Theorem 16.11 have been 
proved, with the help of fundamental solutions, under more restrictive assumptions 
about f ([13], mi)- In that regard, we point out that there are technical difficulties 
in proving Theorem 16.11 in full generality based on the construction of a suitable 
fundamental solution, as was done in Lemma |4T] in the scalar case. Note that if A 
is the Stokes system, then det A = (—1)'^A^ has order 2N. 

Upon using Theorem 16.11 instead of Theorem 14.31 in the proof, it is now obvious 
how Theorem l4.4l can be generalized. It suffices to introduce a convenient notation. 
If a = {aj)i<j<n and b = (6j)i<j<n, the inequality a > b (a > b) means Uj > bj 
(oj > bj) for 1 < j < n. Also, if s = {sj)i<j<n, we set := n"=i With 

this, we can state: 

Theorem 6.2. If u £ (I?')" and Au G D'^’P with k, > — m and 1 < p < oo, the 
followinq properties are equivalent: 

(i) u G 

(ii) u G Mg’^ for every s > m + k — (A/p)l if p > N and every s>m + k—1 if 
p < N. 
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